We study the rationality properties of rotation numbers for some groups of piecewise linear homeomorphisms of the circle, the Thompson-Stein groups. We prove that for many Thompson-Stein groups the outer automorphism group has order 2. As another application, we construct Thompson-Stein groups which do not admit non trivial representations in Diff 9 (S 1 ).
Introduction
In 1965, R. Thompson discovered the first example of a finitely presented infinite simple group. This group is easily defined as a subgroup of the group of PL homeomorphisms of the circle.
For positive integers r , let S r denote the circle R/r Z of length r . Note that S 1 is usually denoted by S 1 . Recall that a homeomorphism f of the circle S r is piecewise linear (PL) if there exists a finite subdivision 0 < a 1 < a 2 < · · · < a p = r of the interval [0, r ] and a lift f of f to R such thatf
Clearly neither the definition, nor the numbers λ i -called the slopes of f -depend on the choice of the liftf . The numbers a i are the break points of f . It is also convenient to introduce I. Liousse (B) Laboratoire Paul Painlevé, U.M.R. 8524 Au CNRS, U.F.R. de Mathématiques, Université Lille I, 59655, Villeneuve D'Ascq Cédex, France e-mail: liousse@math.univ-lille1.fr the ratio σ f (a i ) = λ i /λ i−1 , called the jump of f at a i . The sets of slopes, break points and jumps are denoted respectively by ( f ), B P( f ) and σ ( f ).
It is plain that the set PL + (S r ) of all orientation preserving PL homeomorphisms of S r forms a group under composition.
The Thompson group T is the subgroup of PL + (S 1 ) consisting of all homeomorphisms f such that
• the break points of f and their images under f are dyadic rational numbers,
• the slopes of f are integral powers of 2.
The name "Thompson group" is also commonly attached to the subgroup F < T consisting of the elements of T fixing 0.
Thompson groups have been intensely investigated as they occur in many areas of mathematics: logic, homotopy theory, group theory, dynamical systems; we refer to [9] for a survey on Thompson groups.
In particular, Ghys and Sergiescu in the article [12] investigate the dynamical properties of these groups and prove, among other things, that
(1) any non trivial representation of T into the group Diff k + (S 1 ), k ≥ 2, is semi-conjugate to the standard representation in PL + (S 1 );
(2) there exist faithful representations φ : T → Diff ∞ + (S 1 ) and both of the two following situations can occur : all φ(T )-orbits are dense or φ(T ) has an exceptional minimal set;
(3) the rotation number of any element of T is rational.
We recall that the rotation number of a homeomorphism f ∈ Homeo + (S r ) is defined by
It is easy to see that this limit exists and depends neither on the point x nor on the liftf .
From the definition, the formulas ρ( f n ) = n ρ( f ) and ρ(h • f • h −1 ) = ρ( f ) hold for any orientation preserving circle homeomorphism h. If h is orientation reversing then
We also define the rotation number map
Poincaré's Theorem Let f be an orientation preserving circle homeomorphism with rotation number ρ. Then
(1) the rotation number ρ is rational if and only if f has a periodic point;
(2) if the rotation number ρ is irrational, then f is semi-conjugate to R ρ the rotation by ρ, that is there exists a degree one monotone circle map h such that h
If we are in case(2) of Poincaré's Theorem, each pre-image h −1 (x) is either a point either a closed interval. If all these pre-images are points, then h is a homeomorphism and the map f is actually conjugate to R ρ . If some h −1 (x) is a non-trivial interval I , then I is a "wandering interval", that is the successive images f k (I ) are pairwise disjoint. Under the hypothesis that f is a C 2 smooth diffeomorphism, Denjoy proved, using the following inequalities, that the map f does not have any wandering interval so is topologically conjugate through h to the rotation by angle ρ (this result is called the "Denjoy's theorem"). Moreover, the conjugating map h is unique up to composition with a rotation.
Denjoy's inequalities Let f be a C 2 smooth orientation preserving circle diffeomorphism with irrational rotation number ρ. Then there exists a subsequence of integers q n such that for all x ∈ S 1 and n ∈ N we have e −Var(log D f ) ≤ D f q n (x) ≤ e Var(log D f ) , where D f q n is the derivative of f q n and Var(log D f ) denote the total variation of log D f .
